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OO . Abstract 

We review recent results in the study of attractor horizon geometries (with non- 
vanishing Bekenstein-Hawking entropy) of dyonic extremal d = 4 black holes in su- 
^ ■ pergravity. We focus on = 2, d = 4 ungauged supergravity coupled to a number 

^ . ny of Abelian vector multiplets, outlining the fundamentals of the special Kahler 

geometry of the vector multiplets' scalar manifold (of complex dimension ny), and 
studying the ^-BPS attractors, as well as the non-BPS (non-supersymmetric) ones 
with non-vanishing central charge. 

For symmetric special Kahler geometries, we present the complete classifica- 
tion of the orbits in the symplectic representation of the classical [/-duality group 
(spanned by the black hole charge configuration supporting the attractors), as well 
as of the moduli spaces of non-BPS attractors (spanned by the scalars which are 
not stabilized at the black hole event horizon). 

Finally, we report on an analogous classification for M > 2-extended, d = 4 
ungauged supergravities, in which also the -^-BPS attractors yield a related moduli 
space. 
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1 Introduction 

Extremal black hole (BH) attractors were discovered some time ago in Recently, 
a number of papers have been devoted to their study [6j-[63] (for further developments, 
see also e.g. [64j-[68j), essentially because new classes of solutions to the so-called At- 
tractor Equations were (re) discovered. Such new solutions have been found to determine 
non-BPS {Bogomol'ny-Prasad-Sommerfeld) BH horizon geometries, breaking all super- 
symmetries {if any). 

The near-horizon attractor geometry of an extremal (static, spherically symmetric, 
asymptotically fiat, dyonic) BH is associated to the corresponding configuration of the 
1 X {2nv + 2) symplectic vector of the BH magnetic and electric charges Q = {p^,qA), 
defined as the spatially asymptotical fluxes of the vector field-strengths: 

/ = 1^ / ^^ = ^ / sa. (1.1) 

The symplectic index A run 0, l,...,ny. In Af = 2, d = 4 ungauged supergravity riy 
denotes the number of Abelian vector multiplets coupled to the supergravity on^ (which 
contains the Maxwell vector ^4°, usually named graviphoton) . Moreover, denoting with 
r the radial coordinate, 5*^ is the 2-sphere for r — > oo. JF^ = dA^ and Q\ is the related 
"dual" field-strength two-form (see e.g. |69l[70]; see also [TTl [72] ). 

The present report will deal only with non- degenerate (^-BPS as well as non-BPS) 
geometries, i.e. with geometries yielding a finite, non-vanishing (effective) horizon area 
Ah, corresponding to the so-called "large" BHs. Through the critical implementation 
of the so-called Attractor Mechanism P-[5], the Bekenstein- Hawking entropy Sbh [73] 

^The Attractor Mechanism in M — 2, d — A ungauged supergravity does not deal with the nn 
hypermultiplets eventually present. 

This is ultimately due to the transformation properties of the Fermi fields: the hyperinos transform 
independently on the vector fields, whereas the supersymmetry transformations of the gauginos A* do 
depend on the Maxwell vector fields (see e.g. [HI1[S2|)- Consequently, the contribution of the hypermul- 
tiplets may be dynamically decoupled from the rest of the physical system. Thus, it is also completely 
independent from the evolution dynamics of the vector multiplets' scalars. 
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associated to such attractor geometries can be computed by extremizing a properly de- 
fined, positive-definite "effective BH potential" Vbh {(p,P,(l), with "0" standing for the 
relevant set of real scalar fields. 

In A/" = 2, d = 4 supergravity non-degenerate attractor horizon geometries split in two 
classes, one corresponding to |-BPS "short massive multiplets" (preserving four super- 
symmetries out of the eight pertaining to the M' = 2, d = 4 super Poincare asymptotical 
background), and the other given by non-supersymmetric "long massive multiplets" vio- 
lating the BPS bound [7i] : 

l-BPS: 0<\Z\l = Sbh/tt; 

Z^O: < \Z\l < Sbh/tv; (1.2) 



non-BPS , 



Z = 0: = \Z\l < Sbh/tt, 



where the subscript "if" denotes the evaluation at the BH event horizon, and Z stands 
for the N" = 2, d = 4 central charge function (see e.g. [TO] and Refs. therein). As 
mentioned, the Bekenstein- Hawking entropy Sbh is obtained by extremizing Vbh (0, P, q) 
with respect to its dependence on the scalars [73115]: 

Sbh {p, q) = ^" = tt [Vbh {(i),P, q)]a^vBH=o = ^^^h {(pH {p, q) ,P,q)- (1-3) 

The purely charge-dependent horizon configuration (pn {p, q) of the real scalars is a solu- 
tion of the criticality conditions 

9yBH{<P,P,q) ^ 

and it determines an attractor in a strict sense if the critical {2nv + 2) x (2ny + 2) real 
symmetric Hessian matrix 



^vbh = 9'^^BH {4>,p,q) 



^/ n rr i i n 1 1 ill 

(1.5) 

is strictly positive- definite. 

It should be remarked that the opposite does not hold in general, i.e. attractors 
may exist such that the corresponding TC^'^" exhibits some vanishing eigenvalues. If this 
happens, a careful study of the (signs of the) higher-order covariant derivatives of Vbh 
evaluated at the considered critical point (s) is needed. Depending on the supporting 
BH charge configuration, the massless Hessian modes can be lifted to positive values 
(determining stable critical points, and thus attractors) or to negative values (yielding 
unstable critical points, and thus repellers). Examples in literature of investigations 
beyond the Hessian level can be found in [101 [231 El] . But a third possibility may happen, 
namely that the massless Hessian modes persist at all order in the covariant differentiation 
of Vbh', in such moduli space arises out, spanned by the scalars which are 

not stabilized at the BH event horizon in terms of the BH charges belonging to the 
configuration supporting the considered class of critical points of Vbh- 
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Non-supersymmetric (non-BPS) BH attractors arise also in A/" > 2-extended, d = 4 
and d = 5 supergravities [751 HH] (see e.g. [761 ES [771 EH] for recent reviews), but Af = 2, 
d = 4 supergravity, whose scalar manifold is a special Kahler (SK) space, exhibits the 
richest case study. 

Moduli spaces of attractors have been recently found and classified in [5^ for 
TV = 2 symmetric and A/" > 2-extended, d = 4 supergravities (see also [5l] for an explicit 
treatment in the so-called stu model). In such theories, the Hessian matrix of Vbh at its 
critical points is in general positive definite, eventually with some vanishing eigenvalues, 
which actually are flat directions of Vbh itself. More in general, it can be stated that for 
all supergravities based on homogeneous (not necessarily symmetric) scalar manifolds the 
non- degenerate critical points of Vbh are all stable, up to some eventual flat directions. 
We will briefiy report on such an issue in the last Section. 

The plan of the paper is as follows. 

Sect. [2] reports about extremal BH attractors in JV = 2, d = 4 supergravity. The 
fundamentals of the SK geometry of the scalar manifold are outlined in Subsect. 12.11 
Thence, in Subsect. 12.21 Vru for J\f = 2, d = 4 supergravity is introduced, and its |-BPS 
critical points pQ- [3], which are always stable (thus determining attractors in a strict 
sense), are studied. The features of the class of non-BPS critical points of Vbh with 
non- vanishing Z are presented in Subsect. 12.31 The class of non-BPS critical points of 
Vbh with Z = will not be considered here (see rather e.g. [56] and Refs. therein). Sect. 
|3] reports some recent results on the classification of the supporting BH charge orbits 
and moduli spaces of extremal BH attractors in A/" = 2 symmetric (Subsect. 13.11) and 
TV > 2-extended (Subsect. 13.21) . d = 4 supergravities. 



2 Extremal Black Hole Attractors 
in A/^ = 2, d = 4 Supergravity 

2.1 Glossary of Special Kahler Geometry 

In the present Section we briefiy recall the fundamentals of the SK geometry underlying 
the scalar manifold A4nv of TV = 2, c? = 4 supergravity coupled to ny Abelian vector 
multiplets {dimcM.nv = ^v] see [711 172]). 

It is convenient to switch from the Riemannian 2?T,y-dim. parametrization of Ainv 
given by the local real coordinates {(f)"'}a=i 2nv Kahler n^-dim. holomorphic/an- 

tiholomorphic parametrization given by the local complex coordinates <z^,z^>_ 

I- J i,i=l,...,nv 

This corresponds to the performing the unitary Cayley transformation: 

(2.1) 



The metric structure of A4nv is given by the covariant SK metric tensocl gfj {z, z 



^Usually, the ny x ny Hermitian matrix g^j is assumed to be invertible, with non-vanishing determi- 



nant and rank ny, and with EucUdean signature {i.e. with aU strictly positive eigenvalues) globally in 
We will so assume, even though we will be concerned mainly with the properties of g^-j at those 
peculiar points of Mnv which are critical points of Vbh- 
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didjK {z,z), K {z,z) being the real Kahler potential. 

The previously mentioned = 2, d = 4 central charge function is defined as (see e.g. 
[70] and refs. therein) 

Z{z,z;q,p) = QnV {z,z) = qAL^{z,z) -p^Mj^{z,z) = e^^^'''^QnU{z) = 

= e^K{zrz) \^q^x^ _ pA^^ (^)j ^ e^K{z,z)^ ^^^^ ^ ^2.2) 

where f2 is the (2ny + 2)-dim. square symplectic metric (subscripts denote dimensions 
of square sub-blocks) 

(2.3) 

and V {z, z) and 11 (z) respectively stand for the (2ny + 2) x 1 covariantly holomorphic 
(Kahler weights (1, —1)) and holomorphic (Kahler weights (2,0)) period vectors in sym- 
plectic basis: 

DjV {z, z) = (d. - ^d-K^ V{z,z) = 0, D,V {z, z) = (^d, + ^d,K^ V {z, z) ; 

t 

V {z, z) = e^^(^'^)n {z) , Djii {z) = d-^ {z) = 0, AH {z) = (9, + d,K) li {z) ; 



U{z)^\ \=exp(--Kiz,z) \ I, (2.4) 

FAiXiz)) J V ^ J y M^iz,z) 

with (z) and Fa{X(z)) being the holomorphic sections of the f/(l) line (Hodge) 
bundle over Ainy ^ (-2; (l,p) is the so-called holomorphic M = 2 central charge function, 
also named M = 2 superpotential {djW = 0). 

Up to some particular choices of local symplectic coordinates in A^^^, the covariant 
symplectic holomorphic sections Fa {X (z)) may be seen as derivatives of an holomorphic 
prepotential function F (with Kahler weights (4,0)): 

^.,;,.,.),.™). (.5) 

In A/" = 2, = 4 supergravity the holomorphic function F is constrained to be homoge- 
neous of degree 2 in the contravariant symplectic holomorphic sections X^{z), i.e. (see 
e.g. [nni EO] and Refs. therein) 

2F(X(^))=X^(z)Fa(X(^)). (2.6) 

The normalization of the holomorphic period vector 11 (z) is such that 

K {z, z) = -In [i (n (z) , TT (z))] = -In [iU^ (z) nU (z) 



—In < i 



(z)F^(z)-X^ (z) Fa (z) 



(2.7) 



where (■,■) stands for the symplectic scalar product defined by Q. Note that under a 
Kahler transformation 

K {z, z)—^K (z, z) + f{z)+J {z) (2.8) 

(/ (z) being a generic holomorphic function), the holomorphic period vector transforms 
as 

n (z) — . n {z) e-^(") =^ {z) — > {z) e-^(^)- (2.9) 

This yields that, at least locally, the contravariant holomorphic symplectic sections X^ {z) 
can be regarded as a set of homogeneous coordinates on A^„^, provided that the Jacobian 
complex nv x ny holomorphic matrix 

is invertible. If this is the case, then one can introduce the local projective symplectic 
coordinates 

and the SK geometry of J^ny turns out to be based on the holomorphic prepotential 
jF(t) = (X") ^F(X). By using the t-coordinates, Eq. (12.71) can be rewritten as follows 
(^„ (t) = daJ" (t), r = F, J, (t) = 

K {t,t) = -In [^ |X° (z (t))f [2 (t) -T (t)) - (t" - f) (j", (t) + (t))] } . (2.12) 

By performing a Kahler gauge- fixing with / (z) = In (X° (z)), yielding that X° (z) — > 1, 
one thus gets 

^ (^'^) lxo(.)_i = [2 (t) - ^ (t)) - (r - r) (t) + Ta (t))] } . (2.13) 

In particular, one can choose the so-called special coordinates, i.e. the system of local 
projective t-coordinates such that 

(z) = 5t ^ r (z) = z' {+c\ dec). (2.14) 

Thus, Eq. (12.131) acquires the form 

K (t, |xO(.)_l,e^(.)=5^ = [2 (-^ (^) - ^ (^)) - - {^J (^) + (^))] } • 

(2.15) 

Moreover, it should be recalled that Z has Kahler weights {p,p) = (1,-1), and 
therefore its Kahler-covariant derivatives read 

D,Z = (d, + Id^k) Z, DjZ = (dj - IdjK) Z. (2.16) 
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The fundamental differential relations of SK geometry are (see e.g. [THj; for elucida- 
tions about the various equivalent approaches to SK geometry, see also [79] and [80]): 



DiZ = Zi (definition of matter charges); 
DiZj = iCijkg^^D-^Z = iCijkg^^ Z-f:] 
D.DjZ = D.;Z- = g^jZ; 

DiZ = {Kdhler-covariant holomorphicity) . 



(2.17) 



The first relation is nothing but the definition of the so-called matter charges Zi, and 
the fourth relation expresses the Kahler-covariant holomorphicity of Z. Cijk is the rank- 
3, completely symmetric, covariantly holomorphic tensor of SK geometry (with Kahler 
weights (2,-2)) (see e.g. [701 1 



= (9,X^) {d,X^) (dkX^) d^dj^FA (X) = e^W,,fc, djW,,k = 0; 



Cijk = DiDjDkS, S = -iL^L^Im {F, 



(AS) 



^ = -tgfifADjDkL^, f^ [DL 
DjCjki = {covariant holomorphicity); 



4; 



^ijki = ~9ij9ki ^ dfiSkj + CikpCji-pgPP (usually named SK geometry constraints); 
D[iCj]M = 0. 

(2.18) 

the last property being a consequence, through the SK geometry constraints and the 
covariant holomorphicity of Cijk, of the Bianchi identities satisfied by the Riemann tensor 
Rijkj- As usual, square brackets denote antisymmetrization with respect to enclosed 
indices. 

It is worth remarking that the third of Eqs. f l2.18p correctly defines the Riemann 
tensor -Rjj^j, and it is actual the opposite of the one which may be found in a large part 
of existing literature. Such a formulation of the so-called SK geometry constraints is well 
defined, because it consistently yields negative values of the constant scalar curvature 
of symmetric SK manifolds (see e.g. [HS]). Furthermore, it should be recalled that in a 
generic Kahler geometry -Rjj^j reads (see e.g. [M]) 

R^Jk^ = {djdjd^K) d.dndkK - djd.djdkK = gknd^V/ = g^idf,^^, 

R^i = Rm (reaUty), (2.19) 

r,/ = -g"d,g^j = -g^%djd,K = T^J), 
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where Fj^' stand for the Christoffel symbols of the second kind of the Kahler metric gfj. 

In the first of Eqs. fl2.18p . a fundamental entity, the so-called kinetic matrix A/as {z, z) 
of Af = 2, d = 4 supergravity, has been introduced. It is an (ny + 1) x (ny + 1) complex 
symmetric, moduli-dependent, Kahler gauge-invariant matrix defined by the following 
fundamental Ansdtze, solving the SKG constraints given by the third of Eqs. fl2.18l) : 



Ma = ATa^L'', DiMA = 77a^D,L''. 
By introducing the {ny + 1) x (ny + 1) complex matrices (/ = 1, ...,ny + 1) 

(z, z) ^ (d-Z'' (z, z) , (z, z)) , hiA (z, z) ^ {D{Ma {z, z) , Ma (z, ^)) 
the Ansdtze f l2.20p uniquely determine Nat, {z, z) as 

A^as {z,^) = hi A {z,z) o (/"^)^ {z,z) , 



(2.20) 



(2.21) 



(2.22) 



where o denotes the usual matrix product, and (/~^)2 //■ = (/~^)a fj ~ 

The covariantly holomorphic {2ny + 2) x 1 period vector V {z,z) is symplectically 
orthogonal to all its Kahler-covariant derivatives: 

' {V{z,z),D,V{z,z)) = 0- 

{Viz,z),D.V iz,z)) = 0; 

_ (2.23) 

{Viz,z),D,Viz,z))=0; 

^ {Viz,z),DiViz,z)) = 0. 
Moreover, it holds that 

g,jiz,z) = -t{D,V{z,z),DjV{z,z)) = 

= -2Im (ATas (z, z)) D,L^ {z, z) D-jf {z, z) = 

= 2Im{FAT{z))D,L''{z,z)DiL''{z,z); (2.24) 

{V{z,z),D,DjV{z,z)) = ta,kg'''{V{z,z),D^V{z,z)) = 0. (2.25) 

The fundamental {2ny -|- 2) x 1 vector identity defining the geometric structure of SK 
manifolds read as follows [Ml El El [HI UHl 123] : 

- inM (AT) = -2iZV - 2tg" (DjZ) DjV. (2.26) 

The {2ny + 2) x {2ny + 2) real symmetric matrix M (A/") is defined as [7CT1 [Hlli] 

M{Af) = M{Re{Af),Im{Af)) = 

Im {AT) + Re (AT) {Im (N))'^ Re {Af) -Re (A/") (Jm (AT))^^ 
-{Im{N)y^ Re{Af) {Im{Af)y^ 

(2.27) 
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It is worth reminding that Ai (A/") is symplectic with respect to the metric fl defined in 
Eq. (El, ^■e. it satisfies {{M iAf)f = M (M)) 



M (Af) riM (Af) = n. 



(2.28) 



By using Eqs. (E^D, (ESI, (ESI and (ESSl), the identity (ESE]) imphes the following 
relations: 



[DiV, - tnM (AT) Q^) = 0; 



(2.29) 



^ {DjV, - inM (AT) Q^) = -2DjZ. 

There are only 2ny independent real relations out of the Any + 4 real ones yielded by 
the 2nv + 2 complex identities (12.261) . Indeed, by taking the real and imaginary part of 
the vector identity (12.261) one respectively obtains 



-2Re 



2Im 



ZV + iG^^ {DjZ) DjV 
ZV + iG^^ (DjZ) DjV 



-2Im 



ZV + G^^DjZ) (DjV) 

(2.30) 



2Re 



ZV + G^T{D^Z) {DjV) 



(2.31) 



Consequently, the imaginary and real parts of the vector identity (12.261) are linearly 
dependent one from the other, being related by the (2ny + 2) x {2nv + 2) real matrix 



nM (Af) 



{Im{Af))-^ Re{Al) -{Im{Af)y^ 
Im {Af) + Re {Af) {Im {^)y^ Re (AT) -Re (AT) (Jm (AT))"^ 
Put another way, Eqs. flCTD and flOTj) yield 



Re 



ZV + G" (DjZ) DjV =nMiAf)Im ZV + G" [DjZ) D jV 



(2.32) 



(2.33) 



expressing the fact that the real and imaginary parts of the quantity ZV+G^^ i^J^) 
are simply related through a symplectic rotation given by the matrix QAA [Af), whose 
simplecticity directly follows from the symplectic nature of Ai (Af). Eq. (12.331) reduces 
the number of independent real relations implied by the identity (I2.26P from Any + 4 to 
2nv + 2. 

Moreover, it should be stressed that vector identity (12.261) entails 2 redundant degrees 
of freedom, encoded in the homogeneity (of degree 1) of (I2.26P under complex scalings of 
Q. Indeed, by using the definition (12. 2p . it is easy to check that the right-hand side of 
(I2.26P gets scaled by an overall factor A under the following transformation on Q: 



Q — >XQ, XeC. 



(2.34) 



8 



Thus, as announced, only 2ny real independent relations are actually yielded by the 
vector identity (12.261) . 

This is clearly consistent with the fact that the 2nv + 2 complex identities (I2.26P 
express nothing but a change of basis of the BH charge configurations, between the 
Kahler-invariant 1 x {2nv + 2) symplectic (magnetic/electric) basis vector Q defined by 
Eq. (II. ip and the complex, moduli-dependent 1 x (ny + 1) matter charges vector (with 
Kahler weights (1,-1)) 

Z (z, z) ^ (Z {z, z) , {z, z)\^,_^^ . (2.35) 

It should be recalled that the BH charges are conserved due to the overall ([/(l))"^^^ 
gauge-invariance of the system under consideration, and Q and Z {z, z) are two equiva- 
lent basis for them. Their very equivalence relations are given by the identities (I2.26P 
themselves. By its very definition (II. ip . Q is moduli-independent (at least in a static, 
spherically symmetric and asymptotically fiat extremal BH background, as it is the case 
being treated here), whereas Z is moduli- dependent^ since it refers to the eigenstates of 
the JV = 2, d = 4 supergravity multiplet and of the ny Maxwell vector multiplets. 

2.2 1-BPS Attractors 

In J\f = 2, d = 4 supergravity the following expression holds [HJ HUTU]: 

Vbh = \Zf + g" {DjZ) DjZ. (2.36) 

An elegant way to obtain Vbh is given by left-multiplying the vector identity (I2.26P by the 
1 X {2nv + 2) complex moduli-dependent vector —^QAi (A/"); due to the symplecticity of 
the matrix M (A/"), one obtains piIllTO] 

VBH = -lQMi^^)Q^. (2.37) 

Thus, Vbh is identified with the first (of two), lowest-order (- quadratic - in charges), 
positive- definite real invariant Ji of SK geometry (see e.g. [23l[70]). It is worth noticing 
that the result (I2.37P can also be derived from the SK geometry identities fl2.26p by using 
the relation (see |19j, where a generalization for A/" > 2-extended super gravities is also 
given) 

^ {M (AT) +iQ)V = iQV ^MiAf)V = iQV, (2.38) 

where V is a {2nv + 2) x (ny + 1) matrix defined as: 

V={V,DjV,...,D^V). (2.39) 

By differentiating Eq. f l2.36p with respect to the scalars, it is easy to check that the 
general criticality conditions (11.40 can be recast in the following form [5]: 

DiVsH = O.Vbh = ^ 2ZDiZ + g^^ (DiDjZ) D-Z = 0; (2.40) 
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this is what one should rigorously call the A/" = 2, ci = 4 Attractor Eqs. (AEs). By 
means of the features of SK geometry given by Eqs. (12. 171) . the M = 2 AEs (12.401) can 
be re-expressed as follows [5]: 

2ZZ, + iCi,kg'~'g''%^T: = 0. (2.41) 

It is evident that the tensor Cijk is crucial in relating the M = 2 central charge function Z 
{graviphoton charge) and the ny matter charges Zi (coming from the ny Abelian vector 
multiplets) at the critical points of Vbh in the SK scalar manifold A^„^. 

The static, spherically symmetric, asymptotically flat dyonic (not necessarily ex- 
tremal) d = 4 BHs are known to be described by an effective d = 1 Lagrangian ([5], 
[86] . and also [18j and [76]), with Vbh and effective fermionic "mass terms" controlled by 
the vector Q defined by Eq. (II. ip . The "apparent" gravitino mass is given by Z, whereas 
the gaugino mass matrix A^j reads (see the second Ref. of ^82j) 

Aij = Q^kg^'^Zj. (2.42) 

The supersymmetry breaking order parameters, related to the mixed gravitino- gaugino 
couplings, are nothing but the matter charge( functionjs DiZ = Zi (see the first of Eqs. 

(EUD)- 

As evident from the AEs (12.401) and (12.411) . the conditions 

{Z^O,)DiZ = \/i = l,...,nv (2.43) 

determine a {non- degenerate) critical point of Vbh, namely a |-BPS critical point, which 
preserve four supersymmetry degrees of freedom out of the eight pertaining to the Af = 2, 
d = 4 Poincare superalgebra related to the asymptotical Minkowski background. The 
corresponding Bekenstein entropy reads [T]- [3]: 



SbH,\-BPS - ^ yBH\^^BPS - ^ "I \Z\\^BPS + 



{D,Z) (DjZ) 



- \Z\\_npa > 0. 

-BPS I 2 



(2.44) 

In general, |-BPS critical points are {at least local) minima of Vbh in Mny, and there- 
fore they are stable; thus, they are attractors in a strict sense. Indeed, the 2ny x 2ny 
matrix 7-^^^^ (within the Kahler holomorphic/antiholomorphic parametrization) evalu- 
ated at such points is strictly positive-definite [3]: 

{DiDjVBH)i_BPS = i9idjVBH)i_BPS = 0' 

{DiDjVBn) i^ps = {didjVBn) iBps = 2 fe'^B/^) i = 2 g{j\iBPs \^\\-bps > 



wherethe notation "> 0" is here understood as strict positive-definiteness. Eqs. (I2.45P 
yield that the Hermiticity and (strict) positive-definiteness of 7i^^^ (in (z,^)-coordinates) 
at the |-BPS critical points are due to the Hermiticity and - assumed - (strict) positive- 
definiteness (actually holding globally) of the metric g^-^ of M.nv 

Considering the M = 2, d = A supergravity Lagrangian in a static, spherically sym- 
metric, asymptotically fiat dyonic BH background, and denoting by ip and A' respectively 
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the gravitino and gaugino fields, it is easy to see that such a Lagrangian contains terms 
of the form (see the second and third Refs. of [82j ) 



Zipip; 



(2.46) 



Thus, the |-BPS conditions f l2.43p implies the gaugino mass term and the A^^ term to 
vanish at the |-BPS critical points of Vbh in -Mny It is interesting to remark that the 
gravitino "apparent mass" term Zipip is in general non-vanishing, also when evaluated 
at the considered |-BPS attractors; this is ultimately a consequence of the fact that 
the extremal BH horizon geometry at the |-BPS (as well as at the non-BPS) attractors 
is Bertotti- Robins on AdS2 x S"^ (with vanishing scalar curvature and conformally flat) 



2.3 Non-BPS Z 7^ Critical Points of Vbh 

The 1-BPS conditions (EH are not the most general ones solving the M = 2, d = A AEs 
f l2.40p or f l2.4ip . For instance, one might consider critical points of Vbh (thus satisfying 
the AEs (IXlOD or ^1A\\ ) characterized by 

DiZ 7^ 0, for (at least one) i, 

(2.47) 

Z ^0. 

Such critical points are non- super symmetric ones [i.e. they do not preserve any of the 
eight supersymmetry degrees of freedom of the asymptotical Minkowski background), and 
they correspond to an extremal, non-BPS BH background. They are commonly named 
non-BPS Z critical points of Vbh- We will devote the present Section to present 
their main features. 

The corresponding non-BPS Z ^ Bekenstein-Hawking entropy reads ([9j, [H], [T6]): 



SBH,non-BPS,Z^O - TT VBH\non-BPS,ZjtO 



\^\non-BPS,Z^O + 



g'HD,Z) (DjZ) 



non-BPS, Zy^O 



> TT \Z 



(2.48) 



non-BPS, Z^O ' 



not saturating the BPS bound. As implied by AEs fl2.4ip . if at non-BPS Z ^ critical 
points it holds that DiZ 7^ for at least one index i and Z ^ 0, then 

{'^ijk)non~BPS,ZytO ^ for SOmC {i,j, k)e{l,...,nvy, (2.49) 

i.e. the rank-3 symmetric tensor Cijk will for sure have some non-vanishing components 
in order for criticality conditions f l2.4ip to be satisfied at non-BPS Z ^ critical points. 

Moreover, the general criticality conditions f l2.40p for Vbh can be recognized to be 
the general Ward identities relating the gravitino mass Z, the gaugino masses DiDjZ 
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and the supersymmetry-breaking order parameters DiZ in a generic spontaneously broken 
supergravity theory [90] • Indeed, away from |-BPS critical points {i.e. for D^Z ^ for 
some i), the AEs f l2.4Qp can be re-expressed as follows (see also [3i 



(2.50) 



with 



D^D.Z + 2 



{DiZ)DjZ, {Kdhler weights (1,-1)), (2.51) 



and 



y = g^'WjZ, {Kdhler weights (-1, 1)). 



(2.52) 



For a non-vanishing contravariant vector {i.e. away from |-BPS critical points, as 
pointed out above), Eq. fl2.50p admits a solution iff the uy x uy complex symmetric 
matrix Mj^ has vanishing determinant (implying that it has at most ny — l non- vanishing 
eigenvalues) at the considered (non-BPS) critical points of Vbh (however, notice that 
Mjj is symmetric but not necessarily Hermitian, thus in general its eigenvalues are not 
necessarily real). 

By using the properties of SK geometry, the non-BPS Z ^ Bekenstein-Hawking 
entropy (12.481) can be further elaborated as follows [56] : 



S 



BH, non-BPS,Z^O 



+ 



2\Z\ 



1 + -—^R,^^,g>'"^g'^g^'^g-^DtZ) {D.,Z) (DjZ) D^Z+ 



(2.53) 



g'^D,Z)D.Z 

' ' non-BPS,Z^O 

One can then introduce the so-called non-BPS Z ^ supersymmetry breaking order 
parameter |56] : 



(0 <) Cnon-BP5,Z^0 = 



g^^{D,Z) D-Z 



non-BPS,ZytO 



^--2 (DjZ) (DjZ) D^Z 



non-BPS,Z^O 



4IZI 



-,g'^QknCj^9''~^g'"^g'^g'''{D,Z) {D.,Z) [DjZ) D^Z 



non-BPS,Z^O 

(2.54) 



Consequently 



S 



BH,non-BPS,Z^O 



IT 



\non-BPS,Z^Q 



[1 + a 



non-BPS. 



nan~BPS,Z^O 

3-2 



n{z) 



g'WiknC~g''''g>'^g'^g-HDtZ) (D^Z) [DjZ) D^nZ 



non-BPS,ZytO 
(2.55) 
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where the sectional curvature (see e.g. [91] and 

n (Z) ^ R.-^^jg^'g^Tg'^''/' (D.Z) {D,Z) (DjZ) D{Z (2.56) 

was introduced. 

Now, by using the relations of SK geometry it is possible to show that |7B] 

DmDiCjkl = [-Dm, -Dj] Cjkl = DjnD(^iCj)kl = DrnD(^iCjkl) = 'iCp(^klCij)ng^"g^^Cf!pm — '^g{l\mC 

t 

Cp(^klCij)ng^^g^^Cnpfn = —g{l\rnC\ijk) + EYn.[ijkl)^ (2.57) 

where the rank-5 E-tensor [76] 

Emijkl = Ejnl^ijki^ = —DjnDiCjkl = -^Dj^D (^iC jki"^ = Cp(^klCij)ng"'^g^^Cnpfn — —g{l\rnC\ijk) 

= g^^R(i\rn\j\nCn\kl) + -^g{i\m.C\jkl) 

(2.58) 

was introduced. It can be shown that [76l [56] 



SBH,non-BPS,Z^O _ |^|2 



TT 



non-BPS,Z^O 



E.r^^^.g~^g^~^g'^g-^--g^^ (DjZ) (D.Z) (DiZ) (D^Z) D^Z 



Z\^ N3 (Z) 

J non-BPS,Z^O 

(2.59) 

where the complex cubic form 

Ns (Z) ^ C-,g^g"g'~' {D,Z) {D,Z) D^Z (2.60) 

was introduced. 

Let us now consider the case of symmetric SK manifolds, in which the Kahler-invariant 
Riemann-Christoffel tensor -R^j^j is covariantly constant From this it follows that [93j : 

= ^ DiC.u = D(,C,)ki = 0. (2.61) 

This is a sufficient {but generally not necessar]]^ condition for the global vanishing of the 
(complex conjugate) E-tensor Ej^/^i^: 

D(^Cj)Ul = DrnDiCjkl = ^ DrnD-^jE = 0, (2.62) 



•^Indeed, due to the reality of Rgj^j in any Kiihler manifold, it holds that 

^Indeed, some non- symmetric SK (a priori not necessarily homogeneous) manifolds might exist such 
that D(^iCj)ki 7^ 0, but however (globally) satisfying 

DjnDiCjki — DmD(^^Cjki) = dmD(iCjki) — (dmK) D(iCjki) — 0. 
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yielding [93] 



nn pp- 4 „^ 



-^9{i\mC\jkl)- 



(2.63) 



Furthermore, the following noteworthy relation, holding in symmetric SK manifolds, can 
be proved ^56j : 



{Z\Z\^) 



non-BPS,Z^O 



(2.64) 







1 = 0; Jm I 








z 


non-BPS,Z^oJ \ 


Z 


non-BPS,Z^O / 



(2.65) 

Consequently, the supersymmetry breaking order parameter at non-BPS, Z ^ critical 
points of Vbh in symmetric SK manifolds is 



non-BPS,ZjtO 



(2.66) 



which might be called the "Rule of Three" in A/" = 2, d = 4 supergravity (an analogous 
"Rule of Eight" seemingly exists for symmetric real special geometry in ci = 5 [94i|) • By 
substituting into Eq. fl2.55p . one thus finally gets that 



S 



BH,non-BPS,Z^O 



yBH,non-BPS,ZjtO 

Nsizy 



4\Z 



non-BPS,ZytO 



2 



(2.67) 
(2.68) 



J non-BPS, Z^O 



The result given by Eq. fl2.67p has been firstly obtained, by exploiting group-theoretical 
methods, in [21] (in the stu model, this was firstly proved by using A/" = 8 arguments, 
in [IS]). Eq. (12.671) also yields the following expression of the non-BPS Z ^ sectional 
curvature of symmetric SK manifolds: 



^ iZ)\non-BPS,ZjtO ~ ^ | ^ Lon-BPS,Z7^0 < ^■ 



(2.69) 



It is worth pointing out that, while Eq. f l2.6ip (holding globally) is peculiar to symmet- 
ric SK manifolds, Eqs. (12.640 - 02.690 actually should hold in general also for homogeneous 
non-symmetric SK manifolds, in which the Riemann-Christoffel tensor R^jifi (and thus, 
through the SK constraints, Cijk) is not covariantly constant. Indeed, as obtained in 
[30] at least for all the non-BPS, Z critical points of Vbh considered therein, in 
homogeneous non-symmetric SK manifolds it holds that 



{DjZ) {D,Z) {DiZ) {D^Z) D^Z 



non-BPS,ZytO 



0, (2.70) 



which seems to be the most general (necessary and sufficient) condition in order for Eqs. 

to hold. 
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Moreover, it is worth remarking that in [TO] the "Rule of Three" (12.661) and thus 

VBH,non-BPS,Z^Q = 4 l^lLn-BP^.Z^^O (2-71) 

was proved to hold for a generic dSK geometry [95], i.e. for a general SK geometry with 
a cubic holomorphic prepotential (for instance corresponding to the large volume limit of 
Type IIA superstrings on Calabi-Yau threefolds), for the non-BPS, Z critical points 
^non-BPS z^o '^^ ^BH Supported by the BH charge configuration with qi = Wi (the one 
given by DO — DA — D6 brane charges in Calabi-Yau compactifications) and satisfying 
the Ansatz [10] 

Znon-BPS,Zj^O = V'^, Vz = 1, Uy , (2.72) 

where r is quantity dependent only from the supporting BH charge configuration. 

Non-BPS Z 7^ critical points of Vbh in M.nv are generally not necessarily stable, 
because the 2nv x 2nv matrix Ti^'^" (within the Kahler holomorphic/antiholomorphic 
parametrization) evaluated at such points is not necessarily strictly positive- definite. An 
explicit condition of stability of non-BPS Z ^ critical points of Vbh has been worked 
out in the ny = 1 case (see [T7], [IH], [2Z])- 

In general, the conditions (12.471) imply the gaugino mass term, the Xif) term and 
the gravitino "apparent mass" term Zipil) to be non-vanishing., when evaluated at the 
considered non-BPS Z ^ critical points of Vbh- 



3 Charge Orbits and Moduli Spaces of Attractors 
in A/^ ^ 2, (i = 4 (Symmetric) Supergravity 

3.1 J\f = 2, d = 4: Symmetric Supergravity 



In [21] the general solutions to the AEs were obtained and classified by group-theoretical 
methods for those A/" = 2, = 4 supergravities having an symmetric SK scalar manifold, 
i.e. such that ^Anv = with a globally covariantly constant Riemann tensor Rgifi: 
DmRjjffi = 0. Such a conditions can be transported on Cijk by means of the so-called 
SK geometry constraints (see the third of Eqs. fl2.18l) ). obtaining DiCijk = D(j^Ci)jk = 
(where the last of Eqs. (12.181) was used). 

Such J\f = 2, d = 4 theories are usually named symmetric supergravities, and they 
have been classified in literature [961 EH EHl ESI M [SI [95]. 

With the exception of the ones based or@ jj^^z^nj^ symmetric SK geometries are 
endowed with cubic holomorphic prepotentials. In rank-3 symmetric cubic SK manifolds 
H=H^®u(i) ("^hich all are the vector supermultiplets' scalar manifolds of A/" = 2, (i = 4 
supergravities defined by Jordan algebras of degree 3; see e.g. [21] and Refs. therein), 
the solutions to AEs have been shown to exist in three distinct classes, one |-BPS and 
the other two non-BPS, one of which corresponds to vanishing central charge Z = 0. It is 
here worth remarking that the non-BPS Z = class of solutions to AEs has no analogue 
in d = 5, where a similar classification has been given 



'''The quadratic irreducible rank-1 infinite sequence (j(f)^^g'[/|„) has Cijk = globally {n = ny G N). 
As shown in App. I of [21 , such a family has only two classes of non-degenerate solutions to the AEs: 
one ^-BPS and one non-BPS with Z = 0. 
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i-BPS orbits 

^\-BPS Ho 


non-BPS, Z 7^ orbits 
n G 

1 „^ DOC '7 —Lr\ 


non-BPS, Z = orbits 
n — G 


Quadratic Sequence 
{n = nv e N) 


SU{l,n) 
SU{n) 




5(7(l,n) 
5(7(l,n-l) 


(n = ny - 1 e N) 


SU{l,l)^SO{2,n) 


5(7(1, l)(g)50(2,n) 


5C/(l,l)(g)50(2,n) 


SO{2)(X)SO{n) 


50(l,l)(g)50(l,n-l) 


50(2)(^50(2,n-2) 


tO 

-'a 




-£'7{-25) 
-£'6{-26) 


-£'7{-25) 
-£'6{-14) 


tH 
•^3 


50*(12) 
5(7(6) 


50* (12) 

5(7* (6) 


50* (12) 
5C/(4,2) 


tC 
-'3 


5(7(3,3) 
5(7(3)05(7(3) 


5(7(3,3) 
5L(3,C) 


5(7(3,3) 
5C/(2,1)(^5(7(1,2) 


-'3 


5p(6,R) 
5J7(3) 


5p(6,R) 
5L(3,R) 


5p(6,R) 
5(7(2,1) 



Table 1: Non-degenerate charge orbits of the real, symplectic Ry representation 
of the [/-duality group G supporting BH attractors with non- vanishing entropy 
in AT = 2, (i = 4 symmetric supergravities ^T] 

Furthermore, the three classes of critical points of Vbh in = 2, (i = 4 symmetric 
cubic supergravities have been put in one-to-one correspondence with the non- degenerate 
charge orbits of the actions of the ^/-duality groups G on the corresponding BH charge 
configuration spaces. In other words, the three species of solutions to AEs in A/" = 2, = 4 
symmetric cubic supergravities are supported by configurations of the BH charges lying 
along the non- degenerate typologies of charge orbits of the [/-duality group G in the real 
(electric- magnetic field strengths) representation space Ry-, determining its embedding in 
the symplectic group Sp{2nv + 2,R). The results on charge orbits obtained in [21] are 
summarizecl^ in Table 1 . 

In all the JV = 2, d = 4 symmetric supergravities based on rank-3 SK cubic manifolds, 
the classical BH entropy is given by the Bekenstein-Hawking entropy-area formula ( }73j : 

^The charge orbits for the so-caUed st'^ and stu models {n = 1 and n = 2 elements of the cubic 
sequence "^^l"^'^^-* sof^<^SO(n) ' respectively) are given in Appendix II of 21j, where also the charge 
orbits of the so-called model are treated. It should be here pointed out that the model is an isolated 
case in the classification of symmetric SK manifolds (see e.g. |101j ). and it cannot be obtained as the 
n — element of the cubic sequence ^^'"(^'■^^ sofi)^SO{n) ' which instead is the so-called t"^ model, given 
by the n = 1 element of the quadratic sequence gm^w'mi) 1 a-s well. 
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see also Eq. (11.31) ) 

Sbh = ^ = tt VBH\avgH=o = (3-1) 

where X4 is the (unique, gfiarizcQ in the BH charges) moduli-independent G-invariant built 
out of the (considered non-degenerate charge orbit in the) representation Ry- |-BPS and 
non-BPS Z = classes have X4 > 0, while the non-BPS Z class is characterized by 
J4 < 0. 

An interesting direction for further investigations concerns the study of extremal BH 
attractors in more general, non-cubic SK geometries. A noteworthy example is given 
by the SK geometries of the scalar manifolds of those Af = 2, d = 4 supergravities 
obtained as effective, low-energy theories of c? = 10 Type JIB superstrings compactified 
on Calabi-Yau threefolds (CY^s), away from the limit of large volume of CY^s. 

Recently, [27] studied the extremal BH attractors in riy = 1 SK geometries obtained 
by compactifications (away from the limit of large volume of the internal manifold) on a 
peculiar class of CI3S, given by the so-called (mirror) Fermat CY^s. Such threefolds are 
classified by the Fermat parameter t = 5,6,8,10, and they were firstly found in |102j . 
The fourth order linear Picard-Fuchs (PF) ordinary differential Equations determining 
the holomorphic fundamental period 4x1 vector for such a class of 1-modulus CY^s were 
found some time ago for 6 = 5 in |103l I104j (see also |105l I106j ). and for 6 = 6, 8, 10 in 

m- 

More specifically, dealt with the so-called Landau- Ginzburg (LG) extremal BH 
attractors, i.e. the solutions to the AEs near the origin z = (named LG point) of the 
moduli space A4nv=i {dimcAinv=i = 1); and the BH charge configurations supporting 
z = to be a critical point of Vbh were explicitly determined, as well. 

An intriguing development in such a framework would amount to extending to the 
Fermat CKj-compactifications (away from the limit of large volume of the threefold) 
the conjecture formulated in Sect. 5 of [5^. The conjecture was formulated in the 
framework of (the large volume limit of CFs-compactifications leading to) the remarkably 
triality- symmetric cubic stu model |108l 11091 [23] . and it argues that the instability of 
the considered non-BPS {Z 7^ 0) critical points of Vbh might be only apparent, since 
such attractors might correspond to multi-center stable attractor solutions (see also e.g. 
|110[ E21 IMl EH] and Refs. therein), whose stable nature should be "resolved" only at 
sufficiently small distances. The extension of such a tempting conjecture to non-BPS 
extremal BH LG attractors in Fermat CYs-compactifications would be interesting; in 
particular, the extension to the non-BPS Z = case might lead to predict the existence 
(at least in the considered peculiar ny = 1 framework) of non-BPS lines of marginal 
stability [m [112] with Z = 0. 

Moreover, it should be here recalled that the PF Eqs. of Fermat CY^s ( [103] - [T07] . 
see also [27j) exhibit other two species of regular singular points, namely the fc-th roots 
of unity [z^ = 1, the so-called conifold points) and the point at infinity z — > 00 in the 
moduli space, corresponding to the so-called large complex structure modulus limit. Thus, 
it would be interesting to solve the AEs in proximity of such regular singular points, i.e. 

^For the quadratic irreducible rank-1 infinite sequence ^(i)0g^(n) the unique G-invariant is instead 
quadratic in the BH charges; it is positive for i-BPS orbits and negative for the non-BPS {Z = 0) ones 
(see App. I of [21 ). 
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it would be worth investigating extremal BH conifold attractors and extremal BH large 
complex structure attractors in the moduh space of 1-modulus {Fermat) CY^s. Such an 
investigation would be of interest, also in view of recent studies of extremal BH attractors 
in peculiar examples of ny = 2-moduli Cys-compactifications 

Let us now consider the crucial issue of stability more in detail. 

In A/" = 2 homogeneous (not necessarily symmetric) and A/" > 2-extended (all sym- 
metric), d = 4 supergravities the Hessian matrix of Vbh at its critical points is in gen- 
eral semi-positive definite, eventually with some vanishing eigenvalues {massless Hessian 
modes), which actually are flat directions of Vbh itself |35l|38]. Thus, it can be stated 
that for all supergravities based on homogeneous scalar manifolds the critical points of 
Vbh which are non- degenerate {i.e. for which it holds Vbh 7^ 0) all are stable, up to some 
eventual flat directions. 

As pointed out above, the Attractor Equations of A/" = 2, = 4 supergravity with ny 
Abelian vector multiplets may have flat directions in the non-BPS cases [351138] . but not 
in the |-BPS one [5]. Indeed, in the |-BPS case (satisfying Z ^ 0, DiZ = Vi = 1, ny; 
recall Eq. (12.431) ) the covariant 2ny x 2nv Hessian matrix of Vbh reads ([S]; recall Eqs. 



where hatted indices can be either holomorphic or anti-holomorphic; thus, as far as the 
metric g^-j of the scalar manifold is strictly positive definite, Eq. (13.21) yields that no 
massless |-BPS Hessian modes arise out. 

Tables 2 and 3 respectively list the moduli spaces of non-BPS Z 7^ and non-BPS 
Z = attractors for symmetric J\f = 2, d = 4 SK geometries, for which a complete 
classification is available [38] (the attractor moduli spaces should exist also in homoge- 
neous non-symmetric M = 2, d = 4 SK geometries, but their classification is currently 
unknown). The general thumb rule to construct the moduli space of a given attractor solu- 
tion in the considered symmetric framework is to coset the stabilizer of the corresponding 
charge orbit by its maximal compact subgroup. By such a rule, the |-BPS attractors do 
not have an associated moduli space simply because the stabilizer of their supporting BH 
charge orbit is compact. On the other hand, all attractors supported by BH charge orbits 
whose stabilizer is non-compact exhibit a non-vanishing moduli space, furthermore, it 
should be noticed that the non-BPS Z 7^ moduli spaces are nothing but the symmetric 
real special scalar manifolds of the corresponding Af = 2, d = 5 supergravity. 

Nevertheless, it is worth remarking that some symmetric JV = 2, d = 4 supergravities 
have no non-BPS flat directions at all. 

The unique ny = 1 symmetric models are the so-called and models; they are 
based on the rank-1 scalar manifold ^^(YJ^, but with different holomorphic prepotential 
functions. The model is the first element (n = 1) of the sequence of irreducible 
symmetric special Kahler manifolds u^-^^sv{n) = ra, n G N) (see e.g. [2T] and 
Refs. therein), endowed with quadratic prepotential. Its bosonic sector is given by the 
{U {1))^ — > ([/(l))^ truncation of Maxwell-Einstein-axion-dilaton (super)gravity, i.e. of 
pure M = 4, d = 4 supergravity. On the other hand, the model has cubic prepotential; 




(3.2) 
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M©r„ 

[n = nv - I eN) 




l(n = 1) 


n 


tO 


■^6(-26) 
-p4{-52) 




U 


7H 

■^3 


SC/*(6) 
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1 A 


tC 
•^3 


5L(3,C) 
5(7(3) 


9 


Q 
O 


tR 
■^3 
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SO (3) 


2 





Table 2: Moduli spaces of non-degenerate non-BPS Z 7^ critical points of 
Vbh,n=2 in at = 2, (i = 4 symmetric supergravities {h is the maximal compact 
subgroup of H). They are the = 2,d = 5 symmetric real special manifolds 

I38j 



as pointed out above, it is an isolated case in the classification of symmetric SK manifolds 
(see e.g. [101] ). but it can be thought also as the s = t = u degeneration of the stu model. 
It is worth pointing out that the and t^ models are based on the same rank-l SK 
manifold, with different constant scalar curvature, which respectively can be computed 
to be (see e.g. [31] and Refs. therein) 

^g^, t^ model :R=-2- 

(3.3) 

t^ model ■.R=-l 

Beside the |-BPS attractors, the t^ model admits only non-BPS Z = critical points 
of Vbh with no flat directions. Analogously, the t^ model admits only non-BPS Z 
critical points of Vbh with no flat directions. 

For nv > 1, the non-BPS Z 7^ critical points of Vbh, if any, all have flat directions, 
and thus a related moduli space (see Table 1). However, models with no non-BPS Z = 
flat directions at all and > 1 exist, namely they are the first and second element (n = 1, 
2) of the sequence of reducible symmetric special Kahler manifolds ^^^^i-^'^ x so^{T)xso{n) 
{ny = n + 1, n G N) (see e.g. [2T] and Refs. therein), i.e. the so-called st"^ and stu models, 
respectively. The stu model (relevant also for the recently established connection between 
extremal BHs and Quantum Information Theory |113j - [TT8] ) has two non-BPS Z ^ 
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Table 3: Moduli spaces of non-degenerate non-BPS Z = critical points of 
VBH,Af=2 in J\f = 2,d = A symmetric supergravities {h is the maximal compact 
subgroup of if). They are (non-special) symmetric Kahler manifolds ^38j 

flat directions, spanning the moduli space SO (1, 1) x SO (1, 1) {i.e. the scalar manifold 
of the stu model in c? = 5), but no non-BPS Z = massless Hessian modes at all. On 
the other hand, the st"^ model (which can be thought as the t = u degeneration of the stu 
model) has one non-BPS Z 7^ flat direction, spanning the moduli space SO (1, 1) {i.e. 
the scalar manifold of the st^ model in d = 5), but no non-BPS Z = flat direction at all. 
The st"^ is the "smallest" symmetric model exhibiting a non-BPS Z flat direction. 

Concerning the "smallest" symmetric models exhibiting a non-BPS Z = flat direc- 
tion they are the second {n = 2) element of the sequence u^i^}^su\n) third {n = 3) 
element of the sequence x so^(2)xso{n) ■ both cases, the unique non-BPS Z = 
flat direction spans the non-BPS Z = moduli space ^^^^i^^ ~ ^scHi) (^^^ Table 2), 
whose local geometrical properties however differ in the two cases (for the same reasons 
holding for the t"^ and t^ models treated above). 
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Table 4: Non-degenerate charge orbits of the real, symplectic Ry representation 
of the ^/-duality group G supporting BH attractors with non-vanishing entropy 
in A/^ > 2-extended, d = A supergravities (n is the number of matter multiplets) 

m 

3.2 A/" > 2-Extended, d = 4 Supergravity 

In A/" > 2-extended, d = 4 supergravities, whose scalar manifold is always symmetric, 
there are flat directions of Vbh at both its non- degenerate BPS and non-BPS critical 
points. As mentioned above, from a group-theoretical point of view this is due to the fact 
that the corresponding supporting BH charge orbits always have a non- compact stabilizer 
[SHI [56]. The BPS flat directions can be interpreted in terms of left-over hypermultiplets' 
scalar degrees of freedom in the truncation down to the J\f = 2, d = 4 theories |119l [35] . 
In Tables 4 and 5 all charge orbits and the corresponding moduli spaces of attractor 
solution in Af > 2-extended, d = 4 supergravities are reported [SB] . 

We conclude by pointing out that in the present report we dealt with results holding 
at the classical, Einstein supergravity level. It is conceivable that the flat directions of 
classical non-degenerate extremal BH attractors will be removed {i.e. lifted) by quantum 
{perturbative and non-perturbative) corrections (such as the ones coming from higher- 
order derivative contributions to the gravity and/or gauge sector) to the classical effective 
BH potential Vbh- Consequently, at the quantum {perturbative and non-perturbative) 
level, no moduli spaces for attractor solutions might exist at all (and therefore also the 
actual attractive nature of the critical points of Vbh might be destroyed) . However, this 
might not be the case for A/" = 8. 

In presence of quantum lifts of classically flat directions of the Hessian matrix of Vbh 
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Table 5: Moduli spaces of BH attractors with non-vanishing entropy in A/^ > 2- 
extended, d = A supergravities (f), f) and f) are maximal compact subgroups of 
Ti, Ti and 7i, respectively, and n is the number of matter multiplets) [5S| 

at its critical points, in order to answer to the key question: "Do extremal BH attractors 
(in a strict sense) survive the quantum level?", it is thus crucial to determine whether 
such lifts originate Hessian modes with positive squared mass (corresponding to attractive 
directions) or with negative squared mass {i.e. tachyonic, repeller directions). 

The fate of the unique non-BPS Z ^ flat direction of the st"^ model in presence of the 
most general class of quantum perturbative corrections consistent with the axionic-shift 
symmetry has been studied in |120j . showing that, as intuitively expected, the classical 
solutions get lifted at the quantum level. Interestingly, in [120] it is found the quantum 
lift occurs more often towards repeller directions (thus destabilizing the whole critical 
solution, and destroying the attractor in strict sense), rather than towards attractive 
directions. The same behavior may be expected for the unique non-BPS Z = flat 
direction of the n = 2 element of the quadratic irreducible sequence and the n = 3 
element of the cubic reducible sequence (see above). 

Generalizing to the presence of more than one flat direction, this would mean that only 
a (very) few classical attractors do remain attractors in strict sense at the quantum level; 
consequently, at the quantum {perturbative and non-perturhative) level the "landscape" 
of extremal BH attractors should he strongly constrained and reduced. 

Despite the considerable number of papers written on the Attractor Mechanism in 
the extremal BHs of the supersymmetric theories of gravitation along the last years, still 
much remains to be discovered along the way leading to a deep understanding of the 
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inner dynamics of (eventually extended) space-time singularities in supergravities, and 
hopefully in their fundamental high-energy counterparts, such as ci = 10 superstrings and 
d=ll M-theory. 
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